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1. A Theorem
Let E be a separable Hilbert space with the norm ‖ · ‖, B ⊆ E be nonempty closed bounded set, and S : B → B be a
Lipschitz continuous map with Lipschitz constant L. In this paper, we shall always denote dist the Hausdorff semi-distance
of sets as follows:
dist(B,C) = sup
x∈B
inf
y∈C ‖x− y‖, for any B,C ⊂ E.
Deﬁnition 1. A compact set M is called an exponential attractor for the system (S, B) if
(1) A ⊆ M ⊆ B , where A is the global attractor;
(2) SM ⊆ M , that M is positively invariant under S;
(3) M has ﬁnite fractal dimension; and
(4) there exist universal constants c1, c2 such that for every u ∈ B , for every natural number n, dist(Snu,M) c1e−c2n .
The set B must be compact for the system (S, B) in the classic concept introduced by Babin and Nicolaenko [2] and
Eden et al. [6]. This assumption pauses some technical diﬃculties when one tries to apply the theory in [6] to general
dynamical system. For example, it is very diﬃcult to construct a suitable compact B for lattice dynamical system. To solve
the diﬃculties, Eden et al. [7] made the assumption that S is an α-contraction. They found that the S with Lipschitz property
and the discrete squeezing property possesses an exponential attractor on any nonempty bounded closed set, which is not
assumed to be compact. But, there also are some technical diﬃculties in judging that the map S is an α-contraction. The
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X. Fan, H. Yang / J. Math. Anal. Appl. 367 (2010) 350–359 351idea of [7] motivates me to make some suitable assumptions on S , but not on B . In this paper, we prove that if S is
asymptotically compact with Lipschitz property and the discrete squeezing property, then the system (S, B) possesses an
exponential attractor. The result is an improvement of Theorem 2.1 in [7]. We apply the result to construct an exponential
attractor for a second order lattice dynamical system with nonlinear damping arising from spatial discretization of wave
equations in Rk . Finally, we obtain fractal dimension of the exponential attractor and its ﬁnite-dimensional approximation.
Deﬁnition 2. S is asymptotically compact on B if for any {xn}n1 ⊆ B , there is a convergent subsequence of {Snxn} in E .
Remark 1. (1) The map S which is compact or uniformly compact on B must be also asymptotically compact on B .
(2) If S is an α-contraction on B , then S is asymptotically compact on B .
Deﬁnition 3. S is said to satisfy the discrete squeezing property on B if there exists an orthogonal projection PN of rank
N such that for every u and v in B ,
∥∥PN(Su − Sv)∥∥ ∥∥(I − PN)(Su − Sv)∥∥ ⇒ ‖Su − Sv‖ 1
8
‖u − v‖.
Theorem 1. Let H be a separable Hilbert space and B be a nonempty closed bounded subset of E. Assume that
(1) S is a Lipschitz continuous map with Lipschitz constant L on B;
(2) S is asymptotically compact on B;
(3) S satisﬁes the discrete squeezing property on B (with rank N0), then S has an exponential attractor M ⊇ A on B, where A is a
global attractor for S on B. Moreover, the fractal dimension of M satisﬁes
dF (M) N0 max
{
1,
log(16L + 1)
2 log2
}
.
Proof. Since S is said to satisfy the discrete squeezing property on B , let P = PN0 be the orthogonal projection chosen as
in Deﬁnition 3. Denote
F = max{F ∣∣ all u, v ∈ F satisfying ‖u − v‖√2‖Pu − P v‖}
for the inclusion relation. From the deﬁnition of F , we know P |F is one-to-one on F . Clearly, PF is a bounded closed
set of a ﬁnite-dimensional vector space, and therefore it is compact. So, F as the preimage under the continuous map P |F
must also be compact.
Let E(k) be a subset of the set Sk+1B , which is formed by a ﬁnite union of exceptional sets of the form F in Sk+1B
(k = 0,1,2, . . .). Hence all E(k) are compact.
Now, we prove that
M =
+∞⋃
j,k=1
S j
(
E(k)
)
is relatively compact. Let {yn}n1 be a sequence in M . Then, two cases will appear:
Case 1. There exists a natural number N0 such that all yn are in
⋃N0
j,k=1 S
j(E(k)).
Case 2. There exists a subsequence (still denoted by {yn}n1) of {yn}n1 satisfying that for every yn , there exists xn ∈ B
such that yn = Snxn .
In Case 1, since E(k) is compact and S is continuous, there exists a convergent subsequence of {yn}n1 that converges
in M . In Case 2, by the asymptotical compactness of S , it is immediate that {yn}n1 possesses a subsequence that converges
in H . So, M is relatively compact.
Note that all the limits point of
⋃+∞
j,k=1 S j(E(k)) belong to A. Together with the above result, we construct an exponential
attractor M for the system (S, B) as follows:
M = A ∪
+∞⋃
j,k=1
S j
(
E(k)
)
.
The remainder of the proof follows exactly in the same way as the proof of Theorem 2.1 in [6]. 
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for the system (S, B):
(1) B is not assumed to be compact.
(2) If S possesses a global attractor, which implies that S is at least asymptotically compact, then the existence of an
exponential attractor for S can be obtained only by checking whether S satisﬁes the Lipschitz property and the discrete
squeezing property.
2. Application to a second order lattice dynamical system
Lattice systems arise in many applications, for example, in chemical reaction theory, image processing and pattern recog-
nition, material science, biology, electrical engineering, laser systems, etc. A lattice dynamical system (LDS) is an inﬁnite
system of ordinary differential equations (lattice ODEs) or of difference equations. In some cases, they arise from spatial
discretizations of partial differential equations (PDEs), but they possess their own form.
Let k ∈ N be a ﬁxed positive integer. Denote
2 =
{
u|u = (ui)i∈Zk , i = (i1, i2, . . . , ik) ∈ Zk, ui ∈ R,
∑
i∈Zk
|ui|2 < +∞
}
where Z is the set of integers. Deﬁne a linear operator A acting on 2 in the following way: for any u = (ui)i∈Zk ∈ 2,
i = (i1, i2, . . . , ik) ∈ Zk ,
(Aui)i∈Zk = 2ku(i1,i2,...,ik) − u(i1−1,i2,...,ik) − u(i1,i2−1,...,ik) − · · ·
− u(i1,i2,...,ik−1) − u(i1+1,i2,...,ik) − u(i1,i2+1,...,ik) − · · · − u(i1,i2,...,ik+1).
The wave equation in Rk
utt − βut + h(ut) − u + λu + g(u) = q(x) (1)
arises in wave phenomena of various areas in mathematical physics. In this section, we will consider the following second
order non-autonomous lattice system:{
u¨ + βAu˙ + h(u˙) + Au + λu + g(u) = q, t > 0,
u(0) = (u0i)i∈Zk = u0, u˙(0) = (u10i)i∈Zk = u10
(2)
where β,λ > 0, u = (ui)i∈Zk , u˙ = (u˙i)i∈Zk and u¨ = (u¨i)i∈Zk denote the ﬁrst and the second order time derivatives respectively,
and h(u˙) = (h(u˙i))i∈Zk , g(u) = (g(ui))i∈Zk , q = (qi)i∈Zk ∈ 2. Indeed, problem (2) can be regarded as a model of damped
coupled nonlinear oscillators (see [4]) and a model of a discrete analog of problem (1).
Recently, various properties of the solutions to lattice dynamical systems have been studied by many authors (see [1,3]
and the references therein). Bates et al. in [3] proved the existence of a global attractor for the ﬁrst order autonomous lat-
tice dynamical systems and investigated the approximation of the attractor by the corresponding ones of ﬁnite-dimensional
ordinary differential equations. Zhou [10–12] applied these results to study the second order dissipative lattice dynamical
systems, proved the existence of global attractors for the LDSes and considered the ﬁnite-dimensional approximations of
attractors. Fan [5] considered the fractal dimension of the attractor for a second order dissipative lattice dynamical systems.
Wang [8] and Zhao [9] studied asymptotic behavior of non-autonomous lattice systems. But, there are no results on the
existence of exponential attractor for the LDSes. In the section, we apply the result in the ﬁrst section to construct an
exponential attractor for a second order lattice dynamical system with nonlinear damping arising from spatial discretiza-
tion of wave equations in Rk . Finally, we obtain fractal dimension of the exponential attractor and its ﬁnite-dimensional
approximation.
Let G(s) = ∫ s0 g(r)dr. We always assume that there exist four positive constants c1, c2 α1 and α2 such that
(H1) g(0) = 0, sg(s) c1G(s) 0, ∀s ∈ R.
(H2) There exists an increasing continuous function K (r) : R+ → R+ with K (0) = 0 such that
sup
t∈R
sup
|s|r
∣∣g′(s)∣∣ K (r2)
where R+ = [0,+∞).
(H3) h(0) = 0, α1  h′(s) α2, ∀s ∈ R.
For i = (i1, i2, . . . , ik) ∈ Zk , we shall always denote that ‖i‖ = max1 jk |i j | in the following discussion. For any u =
(ui)i∈Zk ∈ 2, i = (i1, i2, . . . , ik) ∈ Zk , deﬁne the operators B j , B j and A j , j ∈ {1,2, . . . ,k} from 2 to itself as follows:
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(B ju)i = u(i1,...,i j ,...,ik) − u(i1,...,i j−1,...,ik),
(A ju)i = 2u(i1,...,i j ,...,ik) − u(i1,...,i j+1,...,ik) − u(i1,...,i j−1,...,ik). (3)
Then, obviously we have
A= A1 + A2 + · · · + Ak, A j = B jB j = B jB j, j = 1,2, . . . ,k. (4)
For any u = (ui)i∈Zk , v = (vi)i∈Zk ∈ 2, we deﬁne their inner products and norms as follows:
(u, v) =
∑
i∈Zk
ui vi, ‖u‖ =
(∑
i∈Zk
|ui|2
) 1
2
,
(u, v)λ =
k∑
j=1
μ(B ju,B j v) + λ(u, v), ‖u‖2λ = (u,u)λ =
k∑
j=1
μ‖B ju‖2 + λ‖u‖2 (5)
where
μ = α
2
2 + 3λ
α22 + λ(3+ α1β)
. (6)
It is obvious that for any u = (ui)i∈Zk ∈ 2,
‖B ju‖2  4‖u‖2, λ‖u‖2  ‖u‖2λ  (4μk + λ)‖u‖2. (7)
So, the norms ‖ · ‖ and ‖ · ‖λ are equivalent to each other. By (3) and (4), we obtain for any u = (ui)i∈Zk , v = (vi)i∈Zk ∈ 2,
(Au, v) =
k∑
j=1
(B ju,B j v) =
k∑
j=1
(B ju,B j v).
Denote by 2, 2λ the spaces with the inner products and norms in (5), respectively,
2 = (2, (·,·),‖ · ‖), 2λ = (2, (·,·)λ,‖ · ‖λ).
Then 2 is a Hilbert space. By (7), 2λ is also a Hilbert space.
Let E = 2λ × 2 endowed with the inner product and norm as: for any ϕ j = (u( j), v( j)) = ((u( j)i ), (v( j)i ))i∈Zk ∈ E , j = 1,2,
(ϕ1,ϕ2)E =
(
u(1),u(2)
)
λ
+ (v(1), v(2)),
‖ϕ‖2E = (ϕ,ϕ)E = ‖u‖2λ + ‖v‖2, ∀ϕ ∈ E.
For convenience, we often denote ‖ϕ‖2E =
∑
i∈Zk ‖ϕi‖2 where ϕ = (ϕi)i∈Zk ∈ E .
Let v = u˙ + εu and ϕ = (u, v)T , where ε is chosen as
ε = α1λ
α22 + λ(3+ α1β)
. (8)
Then problem (2) can be written as
ϕ˙ + H(ϕ) = F (ϕ) (9)
where
H(ϕ) =
(
εu − v
h(v − εu) + βAv − ε(v − εu) + Au + λu − εβAu
)
,
F (ϕ) =
(
0
−g(u) + q
)
.
From (H2) and (H3), it is easily checked that −H(ϕ) + F (ϕ) is locally Lipschitz continuous on ϕ from E to E . By the
standard theory of differential equations, we obtain the existence and uniqueness of local solution for problem (9).
Theorem 2. For any initial data ϕ0 = (u0, v0)T ∈ E, there exists a unique local solution ϕ(t) = (u(t), v(t))T of problem (9) with
ϕ(0) = ϕ0 such that ϕ(t) ∈ C1([0, T ], E) for any T > 0. Furthermore, ϕ(t) = ϕ(t,ϕ0) is continuous on ϕ0 in E.
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C1([0,+∞), E). It implies that the map
S(t) : ϕ(0) = ϕ0 → ϕ(t), E → E
generates a continuous semigroup from E to itself.
Firstly, we present a positivity of the nonlinear operator H(ϕ), which plays an important role later.
Lemma 1. For any ϕ = (u, v)T ∈ E,(
H(ϕ),ϕ
)
E 
ε
2
‖ϕ‖2E +
α1
2
‖v‖2.
Proof. By (6) and (8), μ = 1− εβ . We have(
H(ϕ),ϕ
)
E = ε
(
μ‖Bu‖2 + λ‖u‖2)+ ε2(u, v) + (h(v − εu), v)+ β‖Bv‖2 − ε‖v‖2.
By the mean value theorem and (H3),
ε2(u, v) + (h(v − εu), v)= ε2(u, v) +∑
i∈R
h′
(
τi(vi − εui)
)
(vi − εui)vi, τi ∈ (0,1)
 α1‖v‖2 − ε(α2 − ε)‖u‖ · ‖v‖.
It follows
(
H(ϕ),ϕ
)
E −
ε
2
‖ϕ‖2E −
α1
2
‖v‖2  ε
2
(
μ‖Bu‖2 + λ‖u‖2)+(α1
2
− 3ε
2
)
‖v‖2 − εα2√
λ
(
μ‖Bu‖2 + λ‖u‖2) 12 ‖v‖
which implies the conclusion by noting
ε(α1 − 3ε) ε
2α22
λ
. 
Lemma 2. Letting ϕ(t) = (u(t), v(t))T be the solution of (9) with the initial data ϕ0 = (u0, v0)T , we have
∥∥ϕ(t)∥∥2E 
(
1+ 2
c1λ
K
(
r2/λ
))
r2e−εκt + 1
εκα1
‖q‖2 (10)
where κ =min{1, c1}, ‖ϕ0‖E  r. And there exists a closed ball B0 = B(0, r0) of E, centered at 0with radius r20 = 2εκα1 ‖q‖2 such that
for any bounded set B of E, there exists T (B) > 0 such that for t  T (B),
S(t)B ⊂ B0
which implies that the semigroup S(t) possesses a bounded absorbing set in E.
Proof. The proof is similar to the proof of Lemma 3.2 in [11]. We omit it. 
By (10), we have
Corollary 1. Let
T0 = max
{
1
εκ
(
log
(
1+ 2
c1λ
K
(
r20/λ
))+ log(εκα1r20)− 2 log‖q‖
)
,0
}
and
R20 =
(
3
2
+ 2
c1λ
K
(
r20/λ
))
r20.
For any t  T0 , S(t)B0 ⊆ B0 . Let B1 = B(0, R0). For any t  0, S(t)B0 ⊆ B1 .
Notation. We shall always see B0, B1, r0, R0 and T0 as given in Lemma 2 and Corollary 1 in the following discussion.
By Lemma 2, we know that the trajectory starting from any bounded set ﬁnally enters into B0.
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u˙ + εu. Then,
∑
‖i‖N
(
μ
k∑
j=1
∣∣B jui(t)∣∣2 + λ∣∣ui(t)∣∣2 + ∣∣vi(t)∣∣2
)

(
1+ 2
c1λ
K
(
r20/λ
))
r20e
−εκt + 1
εκα1
∑
‖i‖ N2
|qi|2 + 8kC0R
2
0
εκλN
(
√
λ + βλ + ε) (11)
for t  0, where κ is as in Lemma 2 and C0 > 0 is some constant.
Proof. Choose a smooth function θ(s) ∈ C1(R+,R) satisfying
θ(s) = 0, 0 s 1,
0 θ(s) 1, 1 s 2,
θ(s) = 1, s 2, (12)
and there exists a constant C0 such that |θ ′(s)| C0 for s ∈ R+ .
Let M be some ﬁxed integer. Denote
u˜i = θ
(‖i‖
M
)
ui, v˜ i = θ
(‖i‖
M
)
vi, i ∈ Zk.
It is easy to check that
∣∣(Au, v˜) − (Au˜, v)∣∣ kC0√
λM
(
λ‖u‖2 + ‖v‖2),
(Au˜,u) = (Au, u˜)
∑
i∈Zk
θ
(‖i‖
M
) k∑
j=1
|B jui|2 − 2kC0
M
‖u‖2. (13)
Let ϕ˜(t) = (u˜, v˜)T = (u˜i, v˜ i)Ti∈Zk . Taking the inner product (·,·)E on both sides of (9) with ϕ˜(t), we have
(ϕ˙, ϕ˜)E +
(
H(ϕ), ϕ˜
)
E =
(
F (ϕ), ϕ˜
)
E . (14)
Similar to the proof of Lemma 1 and Corollary 1,
(
H(ϕ), ϕ˜
)
E + ε
(
g¯(u), u˜
)
 εκ
2
χ + α1
2
∑
i∈Zk
θ
(‖i‖
M
)∣∣vi(t)∣∣2 − 2kC0R20
λM
(
√
λ + βλ + ε) (15)
where
χ(t) =
∑
i∈Zk
θ
(‖i‖
M
)(
μ
k∑
j=1
∣∣B jui(t)∣∣2 + λ∣∣ui(t)∣∣2 + ∣∣vi(t)∣∣2
)
+ 2
∑
i∈Zk
θ
(‖i‖
M
)
G(ui).
By (H1) and (H2),
(ϕ˙, ϕ˜)E +
(
g¯(u), u˜
)= 1
2
d
dt
χ. (16)
Together with (14)–(16) and
(q, v˜) 1
2α1
∑
i∈Zk
θ
(‖i‖
M
)
|qi|2 + α12
∑
i∈Zk
θ
(‖i‖
M
)∣∣vi(t)∣∣2, (17)
it follows
d
dt
χ + εκχ  1
α1
∑
k
θ
(‖i‖
M
)
|qi |2 + 4kC0R
2
0
λM
(
√
λ + βλ + ε), t  0. (18)
i∈Z
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χ(t)
(
1+ 2
c1λ
K
(
r20/λ
))
r20e
−εκt + 1
εκα1
∑
i∈Zk
θ
(‖i‖
M
)
|qi|2 + 4kC0R
2
0
εκλM
(
√
λ + βλ + ε), t  0, (19)
which implies that for t  0,
∑
‖i‖>N
(
μ
k∑
j=1
∣∣B jui(t)∣∣2 + λ∣∣ui(t)∣∣2 + ∣∣vi(t)∣∣2
)

∑
iN
θ
(
2‖i‖
N
)(
μ
k∑
j=1
∣∣B jui(t)∣∣2 + λ∣∣ui(t)∣∣2 + ∣∣vi(t)∣∣2
)

(
1+ 2
c1λ
K
(
r20/λ
))
r20e
−εκt + 1
εκα1
∑
i N2
|qi|2 + 8kC0R
2
0
εκλN
(
√
λ + βλ + ε). 
From Lemmas 2–3, Lemma 4.2 in [11] and Lemma 5 in [12], we obtain
Theorem 3. The semigroup {S(t)}t0 is asymptotically compact on B0 in E and possesses the nonempty compact global attractor
A =
⋂
s0
⋃
ts
S(t)B0
which attracts any bounded set in E. Furthermore, A ⊂ B0 .
Set S(t)ϕ0 = ϕ(t) = (u(t), v(t))T where v(t) = u˙(t) + εu(t), and S(t)ψ0 = ψ(t) = (u˜(t), v˜(t))T where v˜(t) = ˙˜u(t) + εu˜(t).
Let φ(t) = S(t)ϕ0 − S(t)ψ0 = ϕ(t) − ψ(t) = (w(t), z(t))T , where z(t) = w˙(t) + εw(t); then φ(t) satisﬁes
φ˙ + H(ϕ) − H(ψ) + (0, g(u) − g(u˜))T = 0, φ(0) = ϕ0 − ψ0. (20)
Lemma 4 (Lipschitz property). For any ϕ0 , ψ0 ∈ B0 and T  0,∥∥S(T )ϕ0 − S(T )ψ0∥∥E  e 12 (K (R20/λ)/√λ−ε)T ‖ϕ0 − ψ0‖E . (21)
Proof. Since ϕ0,ψ0 ∈ B0, by Corollary 1, ϕ(t),ψ(t) ∈ B1 for all t  0. Similar to Lemma 1, we have(
H(ϕ) − H(ψ),φ)E  ε2‖φ‖2E + α12 ‖z‖2. (22)
By (H2),
∣∣(g(u) − g(u˜), z)∣∣ K (R20/λ)
2
√
λ
‖φ‖2E . (23)
Taking the inner product (·,·)E in (20) with φ(t), by (22), (23) and the Gronwall inequality, we have∥∥ϕ(t) − ψ(t)∥∥2E  e(K (R20/λ)/√λ−ε)t‖ϕ0 − ψ0‖2E . 
Let n ∈ N be a positive integer. Set
ω = (ω(−n,−n,...,−n,−n),ω(−n,−n,...,−n,−n+1), . . . ,ω(−n,−n,...,−n,n),
ω(−n,−n,...,−n+1,−n),ω(−n,−n,...,−n+1,−n+1), . . . ,ω(−n,−n,...,−n+1,n),
. . . , . . . , . . . , . . . ,
ω(n,n,...,n,−n),ω(n,n,...,n,−n+1), . . . ,ω(n,n,...,n,n)
)
. (24)
Denote
R
(2n+1)k∞ =
{
ω = (ωi) k ∈ 2
∣∣ωi with subscripts of components of ω are ordered as in (24) and ωi = 0, ‖i‖ > n}i∈Z
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k
∞,λ the space R
(2n+1)k∞ with the same inner
product and norm as those of 2λ . Let En = R(2n+1)
k
∞,λ × R(2n+1)
k
∞ with the same inner product and norm as those of E .
Obviously, En is a subspace of dimension 2(2n + 1)k in E .
Let K(x) be the inverse function of K (x) in (H2). Set
T1 = max
{
1
εκ
(
log2+ 2 log r0 + log
(
1+ 2
c1λ
K
(
r20/λ
))− logK(ε
√
λ
2
))
,0
}
,
T ∗ = 16
ε
log2+ 2K (R
2
0/λ)
ε
√
λ
T1 (25)
and
N0 = min
{
N ∈ N: 1
εκα1
∑
‖i‖ N2
|qi|2 + 8kC0R
2
0
εκλN
(
√
λ + βλ + ε) 1
2
K
(
ε
√
λ
2
)}
. (26)
Suppose PN0 is an orthogonal projection of rank 2(2N0 + 1)k on E such that PN02 = EN0 . Then (I − PN0 )E = E⊥N0 .
Lemma 5 (Discrete squeezing property). For any ϕ0,ψ0 ∈ B0 , if∥∥PN0(S(T ∗)ϕ0 − S(T ∗)ψ0)∥∥E  ∥∥(I − PN0)(S(T ∗)ϕ0 − S(T ∗)ψ0)∥∥E ,
then
∥∥S(T ∗)ϕ0 − S(T ∗)ψ0∥∥E  18‖ϕ0 − ψ0‖E . (27)
Proof. Let QN0 = I − PN0 and φN0(t) = QN0(ϕ(t) − ψ(t)) = QN0φ(t) = (φN0,1, φN0,2)T , where ϕ , ψ and φ are as in (20).
Taking the inner product (·,·)E in (20) with φN0(t), we have
d
dt
‖φN0‖2E + ε‖φN0‖2E + 2
(
g(u) − g(u˜),φN0,2
)
 0 (28)
where ‖φN0‖2E =
∑
‖i‖>N0 ‖φi‖2.
By the mean value theorem,
∣∣(g(u) − g(u˜),φN0,2)∣∣ ∑
‖i‖>N0
∣∣g′u(ui + τi(u˜i − ui))∣∣ · |wi| · |zi|
where τi ∈ (0,1), i ∈ Zk , ‖i‖ > N0. For t  T1, ‖i‖ > N0, by (11) in Lemma 3 and (26),
∣∣g′u(ui + τi(u˜i − ui))∣∣ ε
√
λ
2
.
So,
∣∣(g(u) − g(u˜),φN0,2)∣∣ ε4
∑
‖i‖>N0
‖φi‖2. (29)
By (28), (29) and the Gronwall inequality, we have
∥∥φN0(t)∥∥2E  e− ε(t−T1)2 ∥∥S(T1)ϕ0 − S(T1)ψ0∥∥2E .
By Lemma 4, we have
∥∥φN0(t)∥∥2E  e− ε(t+T1)2 +
K (R20/λ)√
λ
T1‖ϕ0 − ψ0‖2E
for t  T1. By (25), we obtain
∥∥φN0(T ∗)∥∥E  1 ‖ϕ0 − ψ0‖E .16
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S(T ∗)ψ0)‖E , then∥∥S(T ∗)ϕ0 − S(T ∗)ψ0∥∥E  ∥∥(I − PN0 + PN0)(S(T ∗)ϕ0 − S(T ∗)ψ0)∥∥E
 2
∥∥(I − PN0)(S(T ∗)ϕ0 − S(T ∗)ψ0)∥∥E
 1
8
‖ϕ0 − ψ0‖E .
So, the semigroup S(T ∗) satisﬁes the discrete squeezing property. 
From Theorems 1 and 3, Lemmas 3–5 and Theorem 3.1 of [6], we obtain
Theorem4.When K (R20/λ) ε
√
λ, the semigroup S(t) determined by problem (9)with (H1)–(H3) possesses an exponential attractor
on B0
M=
⋃
0tT ∗
S(t)
(
A ∪
+∞⋃
j,k=1
S j∗
(
E(k)
))
,
whose fractal dimension satisﬁes
dF (M) c0(2N0 + 1)k + 1,
where T ∗ is as in (25), S∗ = S(T ∗), all E(k)s are deﬁned as in Section 1, N0 is as in (26) and c0 = max{2, log(16e 12 (K (R20/λ)/
√
λ−ε)T ∗ +
1)/ log2}.
When K (R20/λ) < ε
√
λ, the semigroup S(t) has an exponential attractor of dimension zero on B0 , which is an equilibrium point of
problem (9).
Let u˜ = (u˜i)i∈Zk ∈ EN0 stated as in the above section. Denote by A˜ the operator satisfying the same as A as ‖i‖ < n
and that u˜(i1,...,n+1,...,ik) is replaced by u˜(i1,...,−n,i j+1,...,ik) , and u˜(i1,...,−n−1,i j+1,...,ik) by u˜(i1,...,n,i j+1,...,ik) , j = 1, . . . ,k in the
deﬁnition of the operator A given in (3) and (4). Consider the following 2(2n + 1)k-dimensional ODEs in the space En{ ¨˜u + β A˜ ˙˜u + h( ˙˜u) + A˜u˜ + λu˜ + g(u˜) = q˜, t > 0,
u˜(0) = u˜0 ∈ R(2n+1)k∞,λ , ˙˜u(0) = u˜10 ∈ R(2n+1)
k
∞
(30)
where
˙˜u = ( ˙˜ui)i∈Zk , h( ˙˜u) =
(
h( ˙˜ui)
)
i∈Zk , g(u˜) =
(
g(u˜i)
)
i∈Zk ∈ R(2n+1)
k
∞
and q˜ satisﬁes q˜i = qi , for ‖i‖ n, while q˜i = 0, for ‖i‖ > n.
Let v˜ = ˙˜u + εu˜ and ϕ˜ = (u˜, v˜)T . Then (30) can be written as
˙˜ϕ + H(ϕ˜) = F˜ (ϕ˜), ϕ˜(0) = ϕ˜0 = (u˜0, u˜10 + εu˜0)T , t > 0, (31)
where H is as in (9) and
F˜ (ϕ˜) =
(
0
−g(u˜) + q˜
)
.
Obviously, problem (31) is well-posed in En , that is, for any ϕ˜0 ∈ En , there exists a unique solution ϕ˜(t) ∈ C1([0,+∞), En).
Furthermore, ϕ˜(t) = ϕ˜(t, ϕ˜0) is continuous on (t, ϕ˜0) in [0,+∞) × En . It implies that the mapping
Sn(t) : ϕ˜(0) = (u˜0, v˜0)T → ϕ˜(t) =
(
u˜(t), v˜(t)
)T
, En → En
generates a continuous semigroup from En to itself for any n ∈ N. 
By some computation similar to Lemmas 2–5 and Theorem 1, we obtain
Theorem 5. The semigroup Sn(t) determined by (31) possesses nonempty compact exponential attractorsMn on Bn0 , n ∈ N where
Bn0 is a closed ball of radius r0 in En.
X. Fan, H. Yang / J. Math. Anal. Appl. 367 (2010) 350–359 359Similar to Theorem 4.1 in [6], we also have
Theorem 6. For any  > 0, there exist m =m() and t0 = t0() such that
dist
(
Sm(t0)Mm,M
)
< 
and
dist
(
S(t0)M,Mm
)
< .
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